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Abstract 
Fraenkel, A.S. and E.R. Scheinerman, A deletion game on hypergraphs, Discrete Applied 
Mathematics 30 (1991) 155-162. 
Two players alternately select either a vertex or an edge of a hypergraph H, deleting it together 
with all the edges containing the selected vertex or edge. The player first unable to move loses 
and the other player wins. We analyze the game for simple classes of hypergraphs, and discuss 
various related questions. 
1. Introduction 
The games we analyse are special cases of a family of Nim-type games considered 
in [1,2]. More specifically, they belong to the class of poset games such as [3,4,5], 
where a player removes a term together with all those “larger” than it in the poset. 
A hypergraph H= H( V, E) consists of a set V of elements called vertices, and a 
family of nonempty subsets E of V called edges. The hypergraph is empty if V= 0. 
Let H be a hypergraph. Throughout His assumed to be finite and simple. We define 
a deletion game T(H) on Has follows: Two players alternately delete either a vertex 
or an edge of H. (Naturally, when a vertex is deleted, all edges containing it are 
deleted as well, and similarly, when an edge is deleted, then all edges containing it 
are also deleted.) The player first unable to move loses and the other player wins. 
In this paper we completely answer the question of who wins T(H) (together with 
the appropriate strategies) when H consists of a disjoint union of hypergraphs which 
are (1) P-uniform P-partite hypergraphs (including bipartite graphs and trees), 
(2) cycles, and (3) complete multipartite graphs (including complete graphs). We 
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also show that the Sprague-Grundy function on the deletion game is unbounded for 
general hypergraphs, and discuss the question whether it is unbounded for graphs. 
We close with a note on motivation. 
Define the Sprague-Grundy function g(H) of a hypergraph H= (V, E), as the 
least nonnegative integer not in the set 
{g(H-o):uE V} U {g(H-e):eEE}. 
Thus g(H) = 0 if His the empty hypergraph, since the above set is empty. Denoting 
by K, the complete graph on n vertices, a simple case analysis of the options, i.e., 
of the direct followers of a game position, shows g(KJ = 1, g(KJ = 2. The 
Sprague-Grundy function g is also referred to as the g-function for short, and its 
values as g-values. 
It is known that the g-values of the positions of a game give a strategy for playing 
the game optimally (see [1,2]). In our case, for a hypergraph H, the game T(H) is 
a win for player I if and only if g(H) > 0. For either player, an optimal move is one 
which gives a g-value 0 on the resultant hypergraph. Note that if the g-value of the 
current position is 0, then the next player can only move to a position with positive 
g-value. Conversely, if the current graph has positive g-value, then the next player 
is able to move to a position with g-value 0, thus winning. 
Given positive integers a and b we define their Nim sum, denoted a@b, as 
follows: write a in binary as 
a = f a;2’, 
i=O 
where each ai is either 0 or 1 and is 1 for only finitely many values of i. Similarly, 
put b = C bj2’. Now let ci= ai+ b; (mod 2); specifically, ci is 0 when ai= bi and 1 
otherwise. Finally we define 
a@b= E ~~2’. 
i=O 
For example, 1209 = 5. Note that the nonnegative integers together with @ form 
an Abelian group with identity 0 and each element its own inverse. 
The well-known relation between g-functions and Nim-sum is given by the follow- 
ing result: 
Lemma 1.1. If H is the disjoint union of hypergraphs H, and Hz, then 
g(H) =g(H,)Og(Hz). 
The proof is immediate using the results in [l]. Thus if we wish to compute the 
g-value of our game on a hypergraph, it suffices to compute the g-value of each of 
its components. 
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2. P-uniform P-partite hypergraphs, bipartite graphs, trees and cycles 
Let H= (V, E) be a hypergraph. The degree d of a vertex u is the number of edges 
in which u is contained. The hypergraph His P-uniform if every edge in E has car- 
dinality P. It is P-partite if Vcan be partitioned into P (possibly empty) parts such 
that no two vertices in a part lie in a common edge. 
Let H= (V, E) be a P-partite hypergraph. Denote by u, e, and p the parities 
of 1 V/), IEJ and P respectively, i.e., DE 1 VI (mod 2), er IEl (mod 2), p= P (mod 2), 
u,e,pE{O, 1). 
Theorem 2.1. Let H= (V, E) be a P-uniform P-partite hypergraph. Then 
g(H) = o@e(2+p). 
Proof. For arbitrary but fixed P, we use induction on I VI + lEJ , assuming the truth 
of the assertion for all I VJ + IEl <AI. The assertion is clear for M= 1 (V= 0). Let 
H= (V, E) be a P-uniform P-partite hypergraph with ) 1/l + IE( =M. Note that every 
option H’= (V’, E’) of His P-uniform P-partite and satisfies 1 VI + IE’I <AI, so the 
induction hypothesis can be applied. We consider four cases. 
(i) e = u = 0. Deleting an edge, if any, gives a hypergraph H’ with e’= 1, u’= 0, 
so g(H’)r2 by induction. Deleting a vertex, if any, leads to e’20, u’= 1, so 
g(H’) 2 1. Thus g(H) = 0 as required. 
(ii) e=O, u= 1. Since u= 1 and P-uniformity implies C,, r, d(u) = PJEI 
~0 (mod 2), there is a vertex of even degree. Deleting it leads to e’= u/-O, so 
g(H) = 0. Deleting a vertex of odd degree or an edge, if any, leads to g(H’) 2 2. Thus 
g(H) = 1 as required. 
(iii) e= 1, u = 0. Deleting an edge leads to g(H’) =O. Now P-partiteness and P- 
uniformity imply CUEX d(u) = IEl = 1 (mod 2), where X is any part of the P- 
partition of H. Thus there is a vertex of odd degree. Deleting it leads to e’= 0, u’= 1 
with g(H’) = 1. We consider two subcases. 
(a) p =O. Deleting a vertex of even degree, if any, leads to e’= u’= 1 with 
g(H’) = 3, so g(H) = 2 as required. 
(b) p = 1. Since C,, y d(u) = PIEI = 1 (mod 2) and the left-hand side contains an 
even number of summands, there must be a vertex of even degree. Deleting it leads 
to e’= 1, u’= 1 with g(H’) = 2, hence g(H) = 3 as required. 
(iv) e = u = 1. As in case (iii) there must be a vertex of odd degree, whose deletion 
leads to e’= u’= 0, so g(H’) = 0. Removing an edge gives e’= 0, u’= 1 with g(H’) = 1. 
(a) p = 0. As in case (ii) we can conclude that there is a vertex of even degree. Its 
deletion gives e’= 1, u’= 0 with g(H’) = 2, so g(H) = 3 as required. 
(b) p = 1. Deleting a vertex of even degree gives e’= 1, u’= 0 with g(H’) = 3, so 
g(H) = 2 as required. 0 
Corollary 2.2. Let G = (V, E) be a bipartite graph. Then g(G) = v + 2e. 
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Proof. This is the special case P= 2 of Theorem 2.1, for which we have 
g(G)=o@2e=u+2e. q 
Corollary 2.3. Let T= (V, E) be a tree. Then 
g(T) = 
1, if u=l, 
2, if o=O. 
Proof. T is a bipartite graph (all its cycles are even) with IEl = 1 V/ - 1. 0 
Corollary 2.4. Every simple cycle C, with n vertices (nr3) satisfies g(C,,) =O. 
Proof. Every option of C, is a tree. 0 
The four cases in the proof of Theorem 2.1 indicate directly a winning strategy 
for playing the deletion game on a P-uniform P-partite hypergraph: the winner 
always moves to a position with e = u = 0. 
Corollary 2.3 indicates a winning strategy for playing the deletion game on a 
forest. The winner has to preserve an even number to of even trees and an even 
number t, of odd trees, where a tree is even (odd) if it has an even (odd) number 
of vertices. If to is odd and tl even, remove any edge from an even tree. This results 
in tb=to+l, t;=tl or in tb=to-1, t;=t,+2. If to is even and tl odd, remove a 
vertex u of even degree of an odd tree T (since C d(u) = 0 (mod 2), summed over T, 
such u exists). Then T- u has an even number of components. The number of odd 
components must be even since T-u has an even number of vertices, so also the 
number of even components is even. Hence again tb= t’, =O (mod 2). Finally, if to 
and tl are both odd, remove a leaf of any tree, resulting in tb= t; =O (mod 2). 
3. A twinning lemma 
If Hi = (VI, E,) and H2 = (Vz,E,) are two isomorphic hypergraphs and uI E VI cor- 
responds to u2 E V2 under the isomorphism, we write u, ++ u2. 
Let H=(V,E) be a hypergraph whose vertices can be partitioned into three 
subsets V= V, U V2 U V,, and let H,, H2, H3 be the corresponding induced sub- 
hypergraphs. Suppose the following properties hold: 
(i) The subhypergraphs H, and H2 are isomorphic. 
(ii) There is no edge containing vertices from both VI and V2. 
(iii) For any vertices wl, . . . , WiE V, (ir l), the set {w,, . . . , Wi,X1, a.0 ,Xj} is an edge 
of H with x1, . . . , Xj E V, 0’2 1) if and only if {wl, . . . , w;, Y,, . . . ,Yj} is an edge of H 
with yl, . . . , Yj in I’,, where ~1 c*yl, . ..) Xj++_~j. 
Under these three conditions H, and H2 are called twins in H, or simply twins. 
The following result is based on an idea found in [4]. 
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Theorem 5.1. g(H,J = 2n - 2 for n z- 2. 
Proof. Induction on n. The truth for n = 2 follows from previous results. Suppose 
the assertion is true for all integers <n and consider H,,. 
We first assume n even. Deleting vertex 2i+ 1 (1 I i<+n) leaves H,; and an odd 
number of isolated vertices (vertices 2i + 2 through n). By induction, this resultant 
hypergraph has g-value [2(2i) - 210 1 = 4i - 1. Deleting vertex 2i + 2 (15 i < +I) 
leaves Hzi + 1 and an even number of isolated vertices which has g-value 
[2(2i + 1) - 21 @O = 4i. Deleting either vertex 1 or 2 leaves a hypergraph with an odd 
number of isolated vertices; this has g-value 1. 
Now deleting the edge { 1, . . . , 2i + 1 } (1 I i< +I) leaves H2i and an even number of 
isolated vertices; this has g-value 4i - 2. Deleting the edge { 1, . . . ,2i + 2) (1 pi< in) 
leaves Hzi+ 1 and an odd number of isolated vertices; this has g-value 4i@ 1 = 4i + 1. 
Finally, deleting { 1,2} leaves all the vertices, giving g = 0. Thus the g-values of all 
the options are 
{O,l}U{4i-2,4i-1,4i,4i+l: 15i<$z}=(O,...,2n-3). 
Hence g(H,J =2n-2 for n even. The case n odd is very similar and is therefore 
omitted. 0 
Is g unbounded even on a subset of hypergraphs with edges of bounded size? In- 
deed, we conjecture that g is unbounded even on graphs. But in this direction we 
have only the following results. 
The empty graph G satisfies g(G) =O. If G has a single vertex, g(G) = 1. This 
might suggest hat if Gi and G2 satisfy g(G,) = 2’- ’ and g(G& = 2’, then a graph G 
consisting of Gi and Gz and a single vertex u which is adjacent to all vertices of G, 
and GZ, satisfies g(G) = 2” ‘. Indeed, G of Fig. l(a) satisfies g(G) =2, and G of 
Fig. l(b) satisfies g(G) = 4. Moreover, the graph of G of Fig. 2 satisfies g(G) = 8, as 
a computer program showed, which used the previous theorems to cut down on the 
huge computation. 
Using Nim-sums we thus have graphs G for all values g(G)< 15. But we do not 
know whether there is a graph G with g(G) = 16. 
11 
0 o A U 
a b 
Fig. 1. g-values 2 and 4. Fig. 2. g-value 8 
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Lemma 3.1. If H, and Hz are twins in H, then g(H) =g(H3). 
Proof. It suffices to show that in the disjoint sum H-t H3 player II can win, since 
g(H)@g(H,) = 0 if and only if g(H) = g(H3). 
In fact, player II has a simple “imitating” strategy: If player I takes a vertex or 
edge in H3, then player II does the same in H, and conversely. If player I takes a 
vertex or edge in H,, player II does the corresponding move in H,, and conversely. 
Finally, if in H player I takes an edge of the form {wi, . . . , Wi,Xl, . . . ,xj} with 
w1, . . . . WiE V,, X1, ..., Xj E V,, then player II responds in H by taking the edge 
{w 1,..., Wi,Y, ,...) yj>, where Y, )...) yj~ Vz, and ~1 ++_~l, ...) Xj”yj; and conver- 
sely. 0 
4. Complete multipartite graphs 
For any integers m, I, let rn(,) denote the least nonnegative residue of m mod I, 
i.e., rn(/)=rn (mod I), rn(/)E (0, . . . . I- I>. 
Theorem 4.1. For a complete graph K,, g(K,) = nC3). 
Proof. Induction on n. For n 5 3 the assertion holds by previous results. Assume 
it is true for K,, P2 and K,,_ 1, and consider K,. By symmetry, there are essentially 
only two distinct moves on K,,: deleting a vertex or an edge. Now K, - u = K, _ , , 
hence g(K,, - u) = g(K, _ ,); and g(K, - e) = g(K n _ 2) by the twinning lemma, as the 
end vertices of the edge e are twins in K, -e. The result now follows by induc- 
tion. 0 
A complete multipartite graph with t parts will be denoted by K(nl, . . . , n,), where 
nk is the number of vertices in part k. (Note that every pair of vertices in the same 
part are nonadjacent, and every pair of vertices in different parts are adjacent.) 
Theorem 4.2. Let G=K(n,, . . . . n,) be a complete multipartite graph. Then 
g(G) = r(,), where r is the number of odd ni (15 is t). 
Proof. Note that any two vertices in the same part of G are twins. We may thus 
reduce G to a resultant graph obtained by deleting all possible twin vertices, two at 
a time, from each part of G. Since the resultant graph is precisely K,, the result 
follows from Theorem 4.1. 0 
5. Is the g-function on deletion games unbounded? 
We first show that the answer to the question is positive for a general hypergraph. 
Let H,=(V,,E,), where I/,={1 ,..., n>, and E,={{l,..., i}: 2sisn). 
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We close with a remark on motivation. In [4] the following game on subsets is 
considered. Let 
At their turn, players remove an as yet unremoved subset, together with all the sets 
containing it. The player first unable to move loses and the other player wins. The 
main result in [4] is that Ai is a win for player II if and only if n=O (mod 3). This 
is also implied by Theorem 4.1 above, since Ai is clearly isomorphic to our dele- 
tion game on K,. It is conjectured in [4] that for any fixed natural k, Af; is a win 
for player II (i.e., g(Ai) = 0) if and only if n=O (mod k+ 1). 
Based on small examples, one is tempted to conjecture that g(A$=nCk+ 1). In 
particular, this is true for k52 (Theorem 4.1). This conjecture is stronger than the 
conjecture in [4]. Unfortunately, it is false. Indeed, g(&) = 1 which can be verified 
by a manual calculation. Table 1 however, does not suggest that the stronger conjec- 
ture is false already for k = 3. But it is false for k 2 4. Since g(& - { 6)) = g(A:) = 1 
and g(& - { 5,6}) = g(&) = 0, we have g&)22. We close by remarking that also 
the derived conjecture g(Al- ‘) = 0 (n 2 1) is still open. In particular, the value g(A;) 
is not known. 
Table 1. A few g-values of Ai 
n 
k 1 2 3 4 5 6 7 . . . 
1 1 0 1 0 1 0 1 . . . 
2 1 2 0 1 2 0 1 . . . 
3 1 2 3 0 1* 22 ? 
4 1 2 3 1* 0 22 
5 1 2 3 1 2* ? 
* Based on computation. 
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